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Overview

Automation stands at the frontier of the 21st-century productivity revolution, promising
exponential efficiency but concealing profound transitional shocks. This model seeks to
formalize the Productivity Paradox—the divergence between firm-level gains and macro-
level stagnation—by mathematically linking automation intensity, job displacement, and
localized demand contraction. Through a structured system of equations, simulation
parameters, and calibration benchmarks, it captures how capital substitution for labor
propagates through consumption multipliers, tax flows, and regional employment
dynamics. The framework bridges economics, technology, and policy, offering a
quantitative foundation to forecast, mitigate, and redistribute the short-term frictions of
automation.



0 — Notation (precise)

Scalars unless indexed:

t — time (years).
i — firm/center index.

z —local area (ZIP / commuting zone),

State variables:

L, ; — workers employed at firm { at time £,

K , — automation capital (robot units / effective robot capacity) at firm 4.
L.,=3%,..L,+ Lot — total local employment (firm + other local jobs).
. ;, — prevailing local wage (average or representative).

Y, , — local nominal output / GDP.

C. ; — local consumption.
L7, ;, — unemployed/displaced worker stock in z.
5. , — public / private transfers to local households (incl. tokens).

I, ;, — firm i profit (pre-transfer).

Parameters:

B, = [0, 1] — share of tasks that are automatable at firm 1, L.

v = () — robot productivity (units of output per robot-equivalent relative to one worker on
automatable tasks).

o == [) — CES substitution parameter (elasticity of substitution = o).

¢y — per-period user cost of capital (amortized capex + maintenance).

Jt — local marginal propensity to consume (MPC).

& — local multiplier (IO multiplier) applied to consumption shock.

7 — effective local tax rate on wages (payroll + sales equivalents).

¢ — mapping coefficient jobs avoided per unit of AK (can be derived from production first-order
conditian).

T}y — baseline reemployment rate per period (fraction of unemployed reemployed without retraining).
{3 — retraining effectiveness (increase in matching per dollar spent).

A — wage-bridge token fraction (share of lost wage replaced by tokens),

g — local profit-share fraction diverted to community dividends.



1 — Task-based CES production (firm )

Model tasks as two composite inputs: non-automatable labor LY and automatable task composite that can

be produced by worker-hours L or robot-capacity K.

Let the automatable compaosite be a CES aggregator between effective labor L and scaled capital 4/ with

substitution parameter o (elasticity of substitution = ). Then firm cutput:

}"I.t = A|_t |:(1 — ﬁrtjj-'l"{L:'tjl‘Tl 1 Ha_t f;r{LgJ‘“ .‘:r.KLt}FTI]"_I?

with comvenient choices:

»  F(L) = L (linear for simplicity), and

. G(LA,'TK] = {wL[L’t}q_rl +w;;(“r}f]:71}lﬁ_. where wy, + wgr = 1 are share weights in the

automatable composite.

This nests:

+ ifg = 1 — Cobb-Douglas inside the automatable tasks;
*» if o — o0 — perfect substitutes;

s if g — [} = perfect complements.

For clanty and tractability below we will solve first-order conditions under the constant elasticity CES inside

automatable tasks but keep 6 explicit.



2 — Firm cost minimization & first-order conditions (FOCs)

Firm minimizes total cost to produce ¥ (price normalized to 1):

i ALY + LY +exg K st. Y =Y,(-
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Working through the constrained minimization (use Lagrangian), the marginal rate of technical substitution

(MRTS) inside the automatable composite yields:
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For the standard CES form (with share weights wy,, Wy and o), the conditional demands (for the

automatable composite producing ¥ ) are:
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(These are the standard CES conditional factor demands; you can derive them by solving the CES cost

minimization — | can paste the algebra if you want full steps.)

From these conditional demands we can compute the elasticity of labor demand with respect to capital

(holding cutput fixed):
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but in many models ¢ is exogencous so the simpler empirical mapping is to estimate:

LA

¢= oK

(jobs avoided per unit increase in K').

Y4, wer
Then the avoided-hire mapping used in the policy madel is
ﬁL:‘i:\tl.li.llltllll — l'_:i:lt ﬂf{'g-!-

You can estimate ¢b from firm-level or vendor delivery data (robot units — local payroll reduction).



3 — Local consumption, GDP & tax equations (precise)

Local wage income at L

W., = w., L.,.
Local consumption (simple linear consumption function with transfers):

C.p = .b'-*[”‘r:.: +1IL., + S:.:}-
Local GDP (focusing on consumption channel for short-run shock analysis):
Yie = Cop+ L, + Gy + NX.
Short-run change in local GOP driven by wage shock (approximate linearization):
AY., = rAC., = kpAW,,,

where & is the local multiplier (captures induced rounds of spending]).
Tax receipts change:

-I"i'hT:.: =T -I':‘hwr:.r-
Employment dynamics in discrete time (exact accounting):

Loy =L — ZﬁL:It_}ui.ﬂtu] —D., + H.,.

where:

= D)., = exogenous separations (retirements etc),

s H., = hires into available positions (matching outcome).
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4 — Matching / re-employment (frictional model, precise)
Use a Cobb—Douglas matching function for hires:
H.; = M(U.;.Vey) = mUZFV.I™,
where:
s U, = unemployed in z,

« V.; =vacanciesin z,

= m = 0and aar € (0, 1) are matching parameters.

If you prefer a reduced-form, let per-peniod re-employment rate be:

Mee = o+ 8- RTr,,
so hires are:
H.p = 1, Usy.
Unemployment law of motion:

{-’r:.!—l = 'Lr:_[ + Z ﬂL’T‘E”iIh”] - H:.E - (-)rulg.l'ulh.:.['

Steady state unemployment (reduced-form) when inflows = outflows and migration negligible:
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5 — Tokenized interventions: precise mappings

1. Wage-bridge token (short-run consumption smocthing)
» Define A £ [0, 1] fraction of lost wages replaced for a period T,..
= Transfer per displaced worker per yearn Sigpe, = A - W

* Total token transfers to area =
S!zljluu:l. = X- W s X ﬁL:"}Lmlud-
i

* Net consumption change:

ACY = p(AW., + SEF).
2. Local profit-share token (dividend)

+ If automation margin (additional operating surplus) at firm i is M, local dividend:

D.,=g» M,

s Adds to local transfers S_ , and thus to consumption.

3. Retraining voucher (on-chain)

*  Retraining budget RT'r_ , increases matching effectiveness /3

'T}:_! = "l" + ﬂ : j-if]ﬂj'r:.['
* ‘fou can model diminishing returns by 7)., = 10 + 3 - log(1 4+ RTr.,).



6 — Break-even and retraining sizing (precise derivation)

Given: aggregate wage loss Wi,.. per year (e.g., 600,000 roles = $45,000).
Compute step-by-step:

«  Multiply 600,000 by 45,000:

1. 600,000 = 45,000

2. 600,000 x 45,000 = 600,000 > (45 x 1,000)

3. Compute 600,000 = 45 = 600,000 = (40 4+ 5) = 600,000 = 40 + 600,000 = 5
= 600,000 = 40 = 24,000,000
«  G00,000 = 5 = 3,000,000
= Sum = 27,000,000.

4. Multiply by 1,000: 27,000,000 = 1,000 = 27,000,000,000.

S0 Wi = $27,000,000,000 per year.

Full offset via transfers (break-even 5): to fully offset consumption loss purely by transfers (ignoring

retraining):

We need 5 such that kuS = KW = 5 = Wi 5o in cash terms you would need to replace
essentially the full lost wages annually to completely neutralize the consumption channel — which is why a

mix of retraining (restoring wages) + partial wage-bridges + profit-sharing is far more cost-effective,
Retraining sizing to recover X% of consumption loss

If retraining budget I yields 3 successful re-employments per dollar (units: re-employments / §), and re-

employed workers recover fraction p of prior wage on average, then annual consumption restored:
ﬂcﬂm!uml] = KR (p’lﬂ - ﬁf{] .

To recover a fraction f of the original consumption shortfall kW, need:

S Wi
Apw

Kp-pw-fR = fokpW., — R =

Plug-in numbers example (illustrative):

= Let f = 0.5 (recover 50% of consumption loss), Wi, = 27B.

= Let 8 = 0.0002 re-employments per $1 {i.e, one re-employment per 5,000 spent).
{Eguivalent: $5,000 per successful re-employment.)

o Letw = $45,000, p = 0.8,

Compute denominator step-by-step:

Bpw = 0.0002 = 0.8 = 45,000

0.0002 = 0.8 = 0.00016.

0.00016 > 45,000 = 0.00016 = (45 » 1000) = 0.00016 = 45 = 1000.
0.00016 = 45 = 0.0072.

0.0072 = 1000 = 7.2.

So denominator = 7.2, 5

Mow numerator f Wi, = 0.5 = 27,000,000,000 = 13,500,000,000.

o W N -



Thus required I =

13,500,000,000

=3 = 1,875,000,000 (i.e., $1.875 billion).

We did the division precisely:

13,500,000,000 + 7.2 = 1,875,000,000.

So with these assumed parameters (one re-hire per $5k, recovery to 80% of wage), about $1.875E retraining

spend could restore 50% of lost consumption (illustrative — calibrate /3 from pilot programs).

7 — Comparative statics (clean statements)

aur=

= (1 higher jobs-avoided per robot increases steady-state unemployment (for given 1).

3

i

ﬂ_g = () local profit-sharing reduces local consumption shortfall and supports ¥

< () more retraining reduces unemployment via higher 7).

The cost-effectiveness ranking typically: retraining + targeted wage-bridges + profit-share is cheaper

than universal full wage replacement.

8 — Implementation checklist for simulation / appendix

1. Choose CES parameters: o, wr,, Wy . (Recommend start o = 1.5, wp = 0.6, wg = 0.4)

Estimate & empirically from historical plant automation episodes or vendor robot-unit — payroll

reductions.

3. Calibrate local MPC pt by income quintile; use town income distnbution.

Usze matching function parameters 1, aay from local labor studies or unemployment insurance
program evaluations,

Implement time-step simulation: update K schedule, compute AL**"*d propagate to [/, compute
H, compute C. Y, T.

Run palicy sweeps over (A, RT'r, g), produce welfare and budget outcomes.



Conclusion:

The findings of this model reaffirm that automation’s true challenge is not technological
inevitability, but distributional imbalance. As capital efficiency rises and wage channels
narrow, unmanaged transitions can hollow out local economies faster than innovation can
replenish them. Yet, if augmented with retraining investments, tokenized wage insurance,
and equitable ownership of machine-generated value, automation can evolve from
displacement to empowerment. The Productivity Paradox is not a fate - it is a design
problem. This model provides a lens to measure it, simulate it, and most importantly, to
solve it.



